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Abstract
In the Randall-Sundrum brane-world scenario and other non-compact Kaluza-Klein theories,
the motion of test particles is higher-dimensional in nature. In other words, all test particles
travel on five-dimensional geodesics but observers, who are bounded to spacetime, have access
only to the 4D part of the trajectory. Conventionally, the dynamics of test particles as observed
in 4D is discussed on the basis of the splitting of the geodesic equation in 5D. However,
this procedure is not unique and therefore leads to some problems. The most serious one is
the ambiguity in the definition of rest mass in 4D, which is crucial for the discussion of the
dynamics. We propose the Hamilton-Jacobi formalism, instead of the geodesic one, to study
the dynamics in 4D. On the basis of this formalism we provide an unambiguous expression
for the rest mass and its variation along the motion as observed in 4D. It is independent of
the coordinates and any parameterization used along the motion. Also, we are able to show a
comprehensive picture of the various physical scenarios allowed in 4D, without having to deal
with the subtle details of the splitting formalism. Moreover we study the extra non-gravitational
forces perceived by an observer in 4D who describes the geodesic motion of a bulk test particle
in 5D. Firstly, we show that the so-called fifth force fails to account for the variation of rest
mass along the particle’s worldline. Secondly, we offer here a new definition that correctly takes
into account the change of mass observed in 4D.
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1 Introduction
The possibility that our world may be embedded in a (4+ d)-dimensional universe with more than
four large dimensions has attracted the attention of a great number of researchers.
In higher-dimensional theories of gravity with large extra dimensions, the cylinder condition of
the old Kaluza-Klein theory is replaced by the conjecture that the ordinary matter and fields are
confined to a four-dimensional subspace usually referred to as “3-brane” [1]-[3]. In these theories
gravity is a multidimensional interaction that propagates in all dimensions. Randall and Sundrum
showed, for d = 1, that there is no contradiction between Newton’s 1/r2 law of gravity in 4D and the
existence of more that four non-compact dimensions if the background metric is nonfactorizable
[4]-[5]. This has motivated a great deal of active interest in brane-world models where our 4D
universe is embedded in a five-dimensional non-compact space [6]-[15].
Another non-compact theory of our universe is the so called space-time-matter (STM) theory.
In STM the conjecture is that the ordinary matter and fields that we observe in 4D result from
the geometry of the extra dimension [16]-[19]
Although brane theory and STM have different physical motivations for the introduction of a
large extra dimension, they share the same working scenario, lead to the same dynamics in 4D,
and face the same challenges [20]. Among them, to predict observationally testable effects of the
extra dimension.
The nontrivial dependence of the spacetime metric on the extra coordinate, allowed in both
brane-world and STM, implies that the motion of test particles is higher-dimensional in nature. In
other words, all particles travel on five-dimensional geodesics but observers, who are bounded to
spacetime, have access only to the 4D part of the trajectory.
The question of how such an observer, who is unable to access the bulk, perceives the higher-
dimensional motion of a test particle has widely been discussed in the literature [21]-[31]. The
discussion is typically based on the dimensional reduction of geodesics in 5D. This approach puts
forward the possibility of interesting consequences.
(i) Massless particles in 5D, with not trivial motion along the extra dimension, are observed as
massive particles in 4D.
(ii) The rest masses of particles vary as they travel on 5D geodesics.
(iii) There is an anomalous acceleration in 4D due to the fifth dimension, or equivalently a
“fifth” force.
However, the geodesic approach presents a number of drawbacks. The most important one is
that the mass of the particle appears nowhere in the geodesic equation. In this picture, the rest
mass in 4D is a result of the dimensional reduction of the 5D geodesic. The other serious drawback
is the ambiguity associated with the choice of affine parameters used to describe the motion in
4D and 5D. Indeed, this ambiguity results in multiple expressions for the particle mass, which in
general vary along the particle’s worldline. This point was firmly established by Seahra and Wesson
in Ref. [27]
It is clear that the lack of a proper and unambiguous definition for the rest mass, as measured
in 4D, crucially affects the applicability, and credibility, of the statements (i)-(iii) mentioned above.
The object of this paper is to remedy this situation. Our first goal is, therefore, to obtain a definition
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of rest mass in 4D which is independent of the choice of coordinates and geodesic parameters.
In this work we provide a unified approach for the discussion of the dynamics of test particles
in five-dimensional manifolds like those used in brane-world, STM and other non-compact theories.
We will discuss (i) the effective rest mass, (ii) the trajectories, and (iii) the forces acting on test
particles as observed in 4D.
In section 2, we present the invariant definition for the rest mass measured in 4D. It is based on
the invariance of the square of the four-momentum and the Hamilton-Jacobi formalism of Classical
Mechanics. This formalism allows us to produce a practical equation for the computation of rest
mass, as observed in 4D, which is completely free of the ambiguities associated with the parameters
used in the geodesic approach. This is consistent with the requirement that observables in 4D should
be invariant under arbitrary transformations in 5D [32]. This is important for the experimental or
observational verification of the theory.
We combine results from the geodesic and the Hamilton-Jacobi methods, in order to provide the
general equations for the variation of rest mass as observed in 4D. We also address the question of
under what circumstances a massless 5D particle appears as massive in 4D. Our approach allows
us to give an unambiguous answer to this question.
Another great advantage of the Hamilton-Jacobi approach is that this equation is a “scalar”
one. Thus, we do not have to deal with the subtle details of dimensional reduction in order to get
the adequate four-dimensional interpretation of the motion in 5D. In section 3, we discuss this
and, with the purpose of illustration of the various physical options in 4D, we examine the motion
of test particles in a specific cosmological setting.
The geodesic motion in the five-dimensional manifold is observed in 4D to be under the influence
of an extra non-gravitational force. There are two different versions for this force in the literature.
The first one is sometimes called “fifth force”. It is given in terms of a four-dimensional quantity
which presents properties atypical of four-vectors [17], [21]-[24]. As a matter of fact, it is not a
four-vector. This has been shown by the present author [33] and confirmed independently by Seahra
[26] using another approach.
The second version for this force was presented by this author and exhibits the appropriate
vectorial behavior, but it does not take into account the variation of rest masses [25], [33].
In section 4, we show another unexpected property of the fifth force. Namely, that it is not
related to the change of rest mass in 4D. We show this by using a simple example where the rest
mass is constant and yet the fifth force is not vanishing. Again, this drawback is a result of the
lack of a proper definition for rest mass in 4D.
Here we extend our former definition for the extra non-gravitational force to the case of variable
rest mass. Our advantage now is that we have explicit formulae for the variation of mass, they are
presented in section 2. We combine this with some other results to construct an expression for the
extra force whose component parallel to uµ is totally attributable to the change of rest mass in 4D.
3
2 The rest mass observed in 4D
The object of this section is to present an invariant definition for the rest mass as measured in 4D.
Our approach is based, not on the geodesic equation, but on the invariance of the square of the
four-momentum and it is equivalent to the Hamilton-Jacobi formalism of Classical Mechanics.
Firstly, we discuss the attempts to relate the rest mass of particles to the extra coordinate.
Secondly, we use this interpretation as a guide to single out the four-momentum in spacetime
from the momentum in 5D. Finally, we show how the rest mass in 4D varies along the observed
trajectory in spacetime.
2.1 Geometrical description of rest mass in 4D
There have been a number of attempts to interpret the rest mass, of uncharged test particles in
4D, in terms of the extra coordinate in 5D [17].
The justification for this interpretation comes from the geodesic motion in the five-dimensional
background described by the metric
dS2 = y
2
L2
gµν(x
ρ, y)dxµdxν − dy2, (1)
where gµν is interpreted as the metric of the spacetime, and y is the “extra” coordinate. The
0-component of the five-dimensional geodesic equation gives
d
dS
(
y2
L2
g0µ
dxµ
dS
)
=
y2
2L2
∂gµν
∂t
dxµ
dS
dxν
dS . (2)
For the case of a static spacetime, (∂gµν/∂t) = 0, the quantity in parenthesis is a constant of
motion. Besides, one can always choose coordinates such that g0j = 0 because a static spacetime
should be invariant under the transformation t→ −t. Thus (2) reduces to
(y/L)
√
g00√
1− v2√1− (Ldy/yds)2 = C = constant. (3)
For geodesic motion with dy/ds = 0, the above constant quantity coincides with the energy E =
mo
√
g00/
√
1− v2, provided we set
m0 =
( E
LC
)
y. (4)
This expression constitutes the basis for interpreting the extra coordinate as the 4D rest mass.
However, it crucially relies upon the assumptions made on the five-dimensional metric, and the
character of the motion in 5D. In particular that the motion is confined to the hypersurface
y = const (or dy/ds = 0). Therefore, the only sound conclusion that seems to follow from (4) is
that, such a motion in 5D is observed in 4D, as a particle of constant rest mass m0 = (E/LC)y.
Although the direct identification of the rest mass with the coordinate y is dubious, for the case
under consideration, the equation (4) is mathematically correct. We will use it below to get the
appropriate connection between the 4D part of the five-dimensional momentum and the momentum
measured by an observer in 4D.
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2.2 Invariant description of rest mass in 4D
We now proceed to discuss the concept of rest mass in 4D, not in terms of the properties of particular
systems of coordinates, but in terms of the invariant definition provided by the normalization of
the four-momentum.
In what follows we will consider the background 5D metric
dS2 = Ω(y)gµν(xρ, y)dxµdxν + ǫΦ2(xρ, y)dy2,
= Ω(y)ds2 + ǫΦ2(xρ, y)dy2. (5)
Where Ω(y) is called “warp” factor and satisfies the obvious condition that Ω > 0, and the factor
ǫ can be −1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively.
The line element (5) is more general than the canonical metric (1) and encompasses all the metrics
generally used in brane-world and STM theories.
Some specifics technical details of the discussion, but not the invariant character of m0, depend
on whether the test particle in 5D is massive or massless. We therefore approach these two cases
separately.
2.2.1 Effective rest mass in 4D of massive particles in 5D
Let us consider a massive test particle moving in the five-dimensional metric (5). The momentum
PA of such a particle is defined in the usual way, namely,
PA =M(5)
(
dxµ
dS ,
dy
dS
)
, (6)
where M(5) is the constant five-dimensional mass of the particle and U
A = (dxµ/dS, dy/dS) is the
velocity in 5D. Thus UAUA = 1 and
PAPA =M
2
(5), (7)
where the five-dimensional index is lowered and raised with the 5D metric.
The five-dimensional motion is perceived by an observer in 4D as the motion of a particle with
four-momentum pµ. Consequently, the effective rest mass in 4D is given by
pαp
α = m20, (8)
here the four-dimensional indexes are lowered and raised by the spacetime metric gµν . Because of
the absence of cross terms in (5), the 4D components of PA and P
A (i.e., A = 0, 1, 2, 3) are already
“projected” onto spacetime.
The question is how to identify Pµ or P
µ with the four-momentum pµ or p
µ in 4D. For Ω = 1,
there is only one possibility, namely pµ = Pµ, p
µ = Pµ. Otherwise there are two alternatives; either
(i) pµ = Pµ, p
µ = ΩPµ, or (ii) pµ = Pµ, pµ = Ω
−1Pµ.
For the first alternative, from (5), (7) and (8), we get1
m20 +Ω(y)P4P
4 = Ω(y)M2(5). (9)
1Had we assumed pµ =
√
W (y)Pµ, instead of pµ = Pµ, we would have to replace Ω → Ω˜ = ΩW everywhere. This
is therefore equivalent to introduce another warp factor, without fundamental changes.
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If the five-dimensional motion is confined to y = y0 = constant, then P
4 = 0 and
m0 =
√
Ω(y0)M(5). (10)
Thus, for Ω = y2/L2 we recover (4) with M(5) = E/C.
The second alternative, in the case of P4 = 0 and Ω = y
2/L2, leads to a “wrong” relation
between m0 and y, namely m0 ∼ y−1. Consequently, the correct identification is pµ = Pµ.
Now, in order to obtain equations of practical use from the above formulae, let us introduce the
action S as a function of coordinates, viz., S = S(xµ, y). Then, substituting −∂S/∂xµ for Pµ and
−∂S/∂y for P4 in (7), we obtain the Hamilton-Jacobi equation for a test particle in 5D
gµν
(
∂S
∂xµ
)(
∂S
∂xν
)
+
ǫΩ
Φ2
(
∂S
∂y
)2
= ΩM2(5). (11)
If we solve this equation, then by virtue of the identification pα = Pα and (8) we are able to compute
the rest mass measured in 4D as
gµν
(
∂S
∂xµ
)(
∂S
∂xν
)
= m20, (12)
which is the Hamilton-Jacobi equation for the motion in 4D. Also, following standard procedure
we find the trajectory in 5D and the one perceived by an observer in 4D.
In the above scheme the action S is a truly higher-dimensional quantity. It carries all the details
of the motion in 5D and (12) acts as the “device” that transports the information from 5D to 4D
in an invariant way. In the next section we provide explicit illustration of this procedure.
The relation between the rest mass in 4D and 5D is given by
m0 =
√
ΩM(5)
[
1 +
ǫΦ2
Ω
(
dy
ds
)2]−1/2
. (13)
This equation shows how the motion along y affects the rest mass measured in 4D. It is the
five-dimensional counterpart to m = m0[1 − v2]−1/2, for the variation of particle’s mass due to its
motion in spacetime. The behavior of m0 depends on the signature of the extra dimension.
Timelike extra dimension: For ǫ = +1, the observed 4D rest mass decreases as a consequence
of motion along y. Therefore, it cannot take arbitrary large values, i.e.,
0 < m0 ≤
√
ΩM(5). (14)
Spacelike extra dimension: For ǫ = −1, it is the opposite and
√
ΩM(5) ≤ m0 <∞. (15)
Also, a timelike extra dimension puts no restriction on (dy/ds), while for a spacelike |dy/ds| <√
Ω/|Φ|.
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Let us now use the geodesic equation in 5D. The 4-component of this equation gives
dU4
dS =
1
2
∂(Ωgµν)
∂y
dxµ
dS
dxν
dS + ǫΦ
∂Φ
∂y
(
dy
dS
)2
. (16)
From this equation, after using (6) and (13), we get
1
m0
dP4
ds
=
1
2Ω
∂(Ωgµν)
∂y
uµuν +
ǫΦ
Ω
∂Φ
∂y
(
dy
ds
)2
, (17)
where uµ is the usual four-velocity of the particle, viz., uµ = (dxµ/ds). Also, for the variation of
the effective rest mass
1
m0
dm0
ds
= −1
2
uµuν
∂gµν
∂y
dy
ds
+
ǫΦuµ
Ω
∂Φ
∂xµ
(
dy
ds
)2
. (18)
The above equations can be expressed, if desired, in terms of the extrinsic curvature of the y = const.
hypersurfaces. Indeed, the normal unit vector (nAn
A = ǫ), orthogonal to these hypersurfaces is
given by
nA =
δA4
Φ
, nA = (0, 0, 0, 0, ǫΦ). (19)
Thus, the extrinsic curvature KAB = nA;B becomes
Kµν =
1
2Φ
∂(Ωgµν)
∂y
, K44 = K4µ = 0. (20)
2.2.2 Effective rest mass in 4D of massless particles in 5D
Let us now consider a massless test particle moving in the five-dimensional metric (5). The equation
of motion for such a particle is the Eikonal equation, which differs form the one of Hamilton-Jacobi
(11) in that M(5) = 0. Also, in (6) the derivatives M(5)d/dS have to be replaced by d/dλ, where λ
is the parameter along the null geodesic [34].
The motion of massless particles is along isotropic geodesics, for which dS = 0. Therefore
Ωds2 = −ǫΦ2dy2. (21)
Is clear that the signature of the extra dimension plays an important role here.
Timelike extra dimension: For ǫ = +1, there is only one physical possibility. From (13) it
follows that m0 = 0. That is, massless particles in the so-called two-time 5D metrics [35]-[40] are
perceived as massless in 4D, they cannot be observed as massive particles in 4D. In addition, from
(9) we get P4 = 0, i.e., their motion is confined to hypersurfaces y = constant.
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Spacelike extra dimension: For ǫ = −1, there are two physical possibilities:
(i) If the massless particle in its motion in 5D has non-vanishing velocity along y, namely
dy/ds =
√
Ω/Φ, then it is perceived as a massive particle (ds2 > 0) by an observer in 4D.
(ii) If the motion of the massless particle in 5D is confined to y = const, then it is observed as
massless (ds = 0) particle in 4D.
The above discussion can be summarized as follows: null geodesics in 5D appear as timelike
paths in 4D only if the following two conditions are met simultaneously: the extra dimension is
spacelike, and the particle in its five-dimensional motion has P4 6= 0. Otherwise, a null geodesic in
5D is observed as a lightlike particle in 4D.
From (9), with M(5) = 0, ǫ = −1 and P 4 = dy/dλ, we obtain
m0 =
√
ΩΦ
dy
dλ
= −
√
Ω
Φ
P4. (22)
On the other hand, from (21) it follows that dy = (
√
Ω/Φ)ds. Consequently,
dλ =
(
Ω
m0
)
ds. (23)
From this and the 4-component of the geodesic equation we obtain
1
m0
dP4
ds
=
1
2Ω
∂(Ωgµν)
∂y
uµuν − 1
Φ
∂Φ
∂y
. (24)
Now, the variation of rest mass is obtained from (22) as
1
m0
dm0
ds
= −
√
Ω
2Φ
∂gµν
∂y
uµuν − u
µ
Φ
∂Φ
∂xµ
. (25)
We notice that although the mathematical description of massless particles differs from that of
massive particles, the last two equations can be readily obtained from (17) and (18) just by setting
(dy/ds) = (
√
Ω/Φ).
The conclusion from this section is that the effective mass observed in 4D can be computed
from (12), where the action is obtained as a solution of (11) and therefore it transfers to 4D the
information of the details of the motion in 5D. Another general result is the equation for the
variation of rest mass along the trajectory in 4D, which is given by (18) or (25).
From a physical point of view, this is important because it shows that the variation of mass m0
is not an artifact of a poor choice of coordinates or parameter in the geodesic equation, but it is an
effect from the extra dimension. We also presented a clear four-dimensional interpretation, of the
geodesic motion of massless particles in 5D for both, spacelike and timelike extra dimension.
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3 The motion observed in 4D
The interpretation in 4D, of the geodesic motion of test particles in 5D, is usually complicated
and obscured by the necessity of working with different affine parameters along the trajectories in
4D and 5D. As a consequence certain physical quantities seem to depend on the specific choice of
parameters. In particular, the changes of m0, may be finite or zero [27].
In this section we present a 4D interpretation, of the motion in 5D, based on the Hamilton-
Jacobi equations (11) and (12). This interpretation has the advantage of being free of the com-
plications and ambiguities of the geodesic approach. We give an explicit example showing how to
obtain the observed rest masses and trajectories in 4D from 5D.
3.1 Trajectories in 5D confined to hypersurfaces y = constant
In this case, from (10) and (18) it follows that m0 =
√
ΩM(5) = const. along the motion. In
particular, a massless particle in 5D is observed as a massless particle in 4D. Notice that (11) and
(12) become identical to each other for P4 = −(∂S/∂y) = 0. Thus, the four-dimensional part of
the equations of motion in 5D is the usual geodesic equation in 4D.
The question arises of what are the physical requirements to keep the motion of a test particle
confined to the hypersurface y = const.
Several workers have noted that, in general, this confinement requires the introduction of non-
gravitational forces. There are a number of methods to derive these forces. Among them, the
method of Lagrange undetermined multipliers [26], [41].
However, the answer is provided by our equation (17). In order to have dP4/ds = 0, and
thus prevent the particle from picking pick up momentum along the extra dimension, the non-
gravitational force should be
f (extra)
m0
= − 1
2Ω
∂(Ωgµν)
∂y
uµuν . (26)
It is orthogonal to spacetime and therefore not directly measurable by an observer in 4D. However,
Seahra [26] recently showed that it plays an important role in spinning particles in 5D. In a
covariant form, this force becomes
f
(extra)
A
m0
= − ǫ
Ω
(Kµνu
µuν)nA. (27)
The effect of this non-gravitational force is that, the five-dimensional motion of a particle moving
on the hypersurface y = y0 is observed in 4D as a particle of constant rest mass (10), moving
“freely” under the influence of the gravitational field gµν . This is a general result obtained without
imposing any assumptions neither on the spacetime metric gµν nor on the warp factor Ω.
In the absence of non-gravitational forces, the necessary condition for confinement is
Kµνu
µuν = 0, (28)
that is uµuν(∂Ωgµν/∂y) = 0, which does not imply Kµν = 0, in general. Indeed, (28) is a bilinear
combination between the components of the four-velocity, which should be interpreted as a con-
straint equation. This constraint has to be solved simultaneously with the 4D geodesic equation.
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However, it is not possible to solve the geodesic equation subject to Kαβu
αuβ = 0 in general sit-
uations. Arbitrary hypersurfaces will have non-trivial curvature that precludes such a possibility
[42]. For example, the geodesics of Euclidean 3-space are straight lines, which cannot be confined
to an arbitrarily curved 2-surface like a sphere.
In higher-dimensional theories the question of which metric frame is the correct representa-
tion of our four-dimensional spacetime is a question of practical importance. In the absence of
non-gravitational forces, the condition of confinement requires test particles to move on those hy-
persurfaces where the geodesic equation can be solved subject to Kαβu
αuβ = 0. Such hypersurfaces
do not necessarily coincide with the y = y0 hypersurfaces. Our conjecture is that the choice of the
metric frame in 4D should be limited by the condition of confinement, without introducing non-
gravitational forces.
If neither of the above conditions (27), (28) are satisfied, then nothing prevents a particle
initially having P4 = 0 from picking up some momentum along y.
Consider for example a massless particle initially moving in 5D with P4 = 0. An observer in
4D perceives this motion as a massless 4D particle too. However, as soon as P4 6= 0, the 4D rest
mass is not longer zero. Indeed, (9) requires m0 = |P4|
√
Ω/Φ.
Thus, an observer in 4D witnesses the “spontaneous creation” of a pair of particles of equal
mass and opposite momentum along y, viz., P4 = ±m0Φ/
√
Ω.
3.2 General motion in 5D: trajectories with y 6= constant
This is the case where the five-dimensional motion has non-vanishing velocity along y, i.e., P4 6= 0.
This is important from an observational viewpoint because, in general, according to (18) the rest
masses of particles measured by an observer in 4D, vary along the trajectory.
The effective rest mass measured in 4D is given by (12), where the action S is the solution
of the five-dimensional Hamilton-Jacobi equation (11). Therefore, it implicitly contains the effects
due to the large extra dimension and the scalar field. These effects are explicitly shown in (18) or
(25).
The conclusion from the above discussion is that the observations in 4D depend on (i) the mass
of the particle in 5D, (ii) the character of motion in 5D, and (iii) the nature of the extra coordinate,
i.e., whether it is spacelike or timelike.
3.3 Trajectories in a cosmological setting
Here we examine the motion of a particle in a five-dimensional background which is used to embed
standard spatially flat FRW models in 5D. Our aim is twofold. Firstly, to show the diversity of
scenarios in 5D and illustrate in practice how they lead to various physical observations in 4D.
Secondly, to confirm that the mass observed in 4D, and indeed the whole description, is independent
and free of the parameters used in the geodesic method.
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3.3.1 The five-dimensional cosmological metric
We consider the motion of test particles in the background metric [18]
dS2 = y2dt2 − t2/αy2/(1−α)[dr2 + r2(dθ2 + sin2 θdφ2)]− α2(1− α)−2t2dy2, (29)
where α is a constant, y is the coordinate along the extra-dimension and t, r, θ and φ are the usual
coordinates for a spacetime with spherically symmetric spatial sections. This is a solution to the
five-dimensional Einstein field equations, with (5)TAB = 0. In what follows we assume that Ω = 1,
that is we make no distinction between the induced metric in 4D and the metric of the physical
spacetime.
In four-dimensions (on the hypersurfaces y = const.) this metric corresponds to the 4D Friedmann-
Robertson-Walker models with flat 3D sections. The energy density ρeff and pressure peff of the
effective 4D matter satisfy the equation of state
peff = nρeff , (30)
where n = (2α/3− 1). Thus for α = 2 we recover radiation, for α = 3/2 we recover dust, etc.
In spherically symmetric fields test particles move on a single “plane” passing through the
center. We take this plane as the θ = π/2 plane. Then, the Hamilton-Jacobi equation, for the
metric (29) is
1
y2
(
∂S
∂t
)2
− 1
t2/αy2/(1−α)
[(
∂S
∂r
)2
+
1
r2
(
∂S
∂φ
)2]
− (1− α)
2
α2t2
(
∂S
∂y
)2
=M2(5). (31)
Since φ is a cyclic coordinate, it is clear that the action separates as
S = S1(t, y) + S2(r) + Lφ, (32)
where L is the angular momentum. Thus, we obtain
1
y2
(
∂S1
∂t
)2
− k
2
t2/αy2/(1−α)
− (1− α)
2
α2t2
(
∂S1
∂y
)2
=M2(5), (33)
and (
dS2
dr
)2
+
L2
r2
= k2 ≥ 0, (34)
where k is the separation constant. If it is zero, then the particle is commoving (or at rest) in the
system of reference defined by (29).
From (12) we obtain the rest mass, as measured in 4D, as follows
m20 =
1
y2
(
∂S1
∂t
)2
− k
2
t2/αy2/(1−α)
, (35)
which has to be evaluated at the trajectory y = y(t). Thus, for any given solution of (33) we
can calculate the corresponding rest mass observed in 4D. This prescription is totally free of the
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ambiguities, typical of the approach where the rest mass in 4D is obtained from the dimensional
reduction of the geodesic equation in 5D.
We now proceed to consider different physical scenarios allowed in (33). It should be noted
that the background metric (29) has recently been considered in Ref. [43] in the “classical” context
where P4 can be identified with the electrical charge.
3.3.2 Confined motion
In the case where P4 = −(∂S/∂y) = 0, equation (33) requires y = const, and the effective rest
mass observed in 4D is m0 =M(5), as expected.
There are two possibilities. Namely, either the particle is at rest (k = 0), or it is somehow
moving in spacetime (k 6= 0). In order to isolate the effects of the extra dimension, from the effects
due to the motion in spacetime, we will consider k = 0. Thus, from (35) we get
S1 = −m0y0t. (36)
Consequently, P0 = −(∂S/∂t) = m0y0 and P 0 = m0/y0. Thus uµ = δµ0 /y0, which correctly
satisfies gµνu
µuν = 1. In this case, the non-gravitational “force” needed to keep the particle on the
hypersurface y = y0 is f
(extra)
A = −(m0/y0)δ4A.
3.3.3 General motion of massive test particles: M(5) 6= 0
For a particle at rest in spacetime (k = 0), from (33) one can easily get
S1(t, y) = ±
αM(5)√
2α− 1yt. (37)
Consequently,
m0 =
αM(5)√
2α− 1 , P4 = ±m0t. (38)
Here the rest mass is constant in time, because of the mutual cancelation of the change induced by
the term (∂gµν/∂y)u
µuν and the change induced by the scalar field. However it does depend on
the epoch, that is on α. Now, using
P ρ = M(5)
dxρ
dS = g
ρλPλ = −gρλ ∂S
∂xλ
,
P 4 = M(5)
dy
dS =
ǫ
Φ2
P4 = − ǫ
Φ2
∂S
∂y
(39)
we obtain
dt
dS = ∓
α
y
√
2α− 1 , (40)
and
dy
dS = ±
(1− α)2
αt
√
2α− 1 . (41)
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From these expressions we evaluate dy/dt and integrate to obtain
y = Dt−(1−α)
2/α2 , (42)
along the trajectory, where D is a constant of integration. From here we obtain dy/ds as follows
dy
ds
=
1
y
dy
dt
= −(1− α)
2
α2t
. (43)
Also we find the four-velocity uµ = δµ0 /y and u
4 = |(α − 1)/α|. The proper time τ along the
trajectory is given by dτ = y(t)dt. Thus, from (42), we get τ ∼ t(2α−1)/α2 . Consequently, in this
case, m0 is a constant and P4 ∼ τα2/(2α−1).
3.3.4 General motion of massless test particles: M(5) = 0
In this case the trajectory in 5D is along isotropic geodesics. These are given by the Eikonal
equation, which is formally obtained from the above formulae by settingM(5) = 0 in (33). According
to the above discussion, there are two different physical possibilities here. They are P4 6= 0, or
P4 = 0.
Firstly we study the case whereM(5) = 0 and P4 6= 0. For the same reason as above, we consider
k = 0. Then, equation (33) separates and, we obtain
S1 = Ct
±ly±lα/(1−α), (44)
where C is a constant of integration and l is the separation constant. Using (12) we find the rest
mass
m0 = |l||C|t−1±ly−1±lα/(1−α), (45)
which has to be evaluated along the trajectory. Now in (39) instead of the derivatives M(5)d/dS
we have to write derivatives d/dλ, where λ is the parameter along the null geodesic. Thus, we find
dt
dλ
= ∓Clt(−1±l)y(−2±lα/(1−α)), (46)
and
dy
dλ
= ±Cl1− α
α
t(−2±l)y(−1±lα/(1−α)). (47)
Since dt/ds = 1/y, from (23), (45) and (46) it follows that
∓ Cl|C||l| = +1. (48)
Consequently, from (47)
dy
ds
=
1
Φ
= −(1− α)
αt
, (49)
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as expected. From the above expressions we evaluate dy/dt and integrate to obtain y = Dt(α−1)/α.
Consequently, in this case we find P4 and m0 as follows
P4 = Aα(1 − α)−1t(1−α)/α,
m0 = At
(1−2α)/α, (50)
where A is expressed through the other constants as A = |C||l|D(−1±lα/(1−α)). Notice that, (22) is
identically satisfied by virtue of (49).
For the proper time we find τ = (Dα/(2α − 1))t(2α−1)/α. Thus, here P4 ∼ τ (1−α)/(2α−1) and
m0 ∼ τ−1. Again, we notice the advantage of our approach here, namely that neither m0 nor P4
(nor their variations) depend on the choice of parameters used in the geodesic description of the
5D or 4D motion, as one expected.
Secondly we study the case where M(5) = 0 and P4 = 0. In this case the motion, as observed in
4D, is lightlike and, therefore, k must be different from zero. The left hand side in (35) is m0 = 0.
This equation is equivalent to kµkµ = 0, where kµ is the 4D wave vector. Since P4 = 0, it follows
that y = const along the motion. Therefore, the frequency ω = −∂S/∂t of the “induced” photon is
ω ∼ τ−1/α. (51)
3.3.5 Spacelike (dS2 < 0) trajectories in 5D
Finally, for completeness we mention that for a spacelike extra dimension (ǫ = −1) there is one more
possibility left here. Namely the motion in 5D with dS2 < 0. In this case replacing M2(5) → −M¯2
we obtain the same expressions as in section 3.3.3, but with M¯ instead ofM(5) and
√
1− 2α instead
of
√
2α− 1. Thus, a five-dimensional spacelike interval (dS2 < 0) can be interpreted by an observer
in 4D as a test particle with positive effective rest mass (ds2 > 0). This is a pure consequence of
the motion in 5D along the spacelike extra coordinate. We also notice that the metric (29) with
α < 1/2 describes inflationary models that expand faster than the standard FRW ones.
The conclusion from this section is that the Hamilton-Jacobi formalism allows us to give a
complete description of the motion in 5D and 4D, including the explicit evaluation of the effective
rest mass and trajectories in 4D, without having to deal with the details, and ambiguities, associated
with the splitting of the five-dimensional geodesic equation.
From a physical point of view, our model exhibits an interesting behavior. Namely that dy/ds ∼
t−1 for both scenarios in 3.3.3 and 3.3.4 (equations (43) and (49)). Which means that, although
particles move in the extra direction, their motion becomes confined to some y = y0 hypersurface
asymptotically as t→∞. On such hypersurface the metric (29) corresponds to the 4D FRWmodels
with flat 3D sections. Therefore, this is a good physical property, consistent with the paradigm
that the matter is confined to our four-dimensional spacetime.
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4 Forces in brane-world, STM and other non-compact 5D theories
So far we have learned how to get the effective mass and trajectories in 4D from the geodesic
motion in 5D. We now turn our attention to the dynamics observed in 4D. It is clear that the bulk
geodesic motion of a test particle is observed in 4D as the motion of a particle under the influence
of a non-gravitational force.
In special relativity the four-force acting on a test particle is defined by
Fµ =
dpµ
ds
=
d
ds
(m0u
µ). (52)
In curvilinear coordinates the generalization of (52), in contravariant notation, is
Fµ =
Dpµ
ds
=
dpµ
ds
+ Γµαβu
αpβ, (53)
and in covariant notation it is
Fµ =
Dpµ
ds
=
dpµ
ds
− 1
2
∂gαβ
∂xµ
uαpβ. (54)
Since uµuµ = 1, it follows that the acceleration a
µ = Duµ/ds = gµνDuν/ds is orthogonal to the
four-velocity. If the rest mass is constant, then Fµuµ = 0. Therefore, the variation of rest mass is
observed as a force acting parallel to the particles’s four-velocity, namely,
Fµ‖ = u
µdm0
ds
(55)
In this section we consider the same scenario as in sections 2 and 3. Namely, the geodesic motion
of test particles on 5D manifolds like those used in brane-world, STM and other non-compact 5D
theories. Our aim is to provide the appropriate expression for the non-gravitational force perceived
by an observer in 4D.
Our advantage here, with respect to previous work on the subject, is that we have an explicit
invariant equation, namely (18) or (25), for the variation of rest mass along the particle’s worldline.
First, we demonstrate the flaws of (53) and (54) when applied to non-compact Kaluza-Klein
theories. Second, we offer a new definition of force which exhibits good physical properties and
appropriately takes into account the variation of rest mass.
4.1 Testing the definitions
Let us start our discussion by testing how well or how bad the “classical” definitions (53) and (54)
work when applied to some particular five-dimensional motion.
The simplest test is to apply the definitions in the scenario where the particle moving in 5D is
perceived by an observed in 4D as a particle of constant rest mass m0.
Such a scenario is provided by the solution discussed in section 3.3.3, for whichm0 = αM(5)/
√
2α− 1.
Substituting uµ = δµ0 /y, and using (29), into (53) we easily get
1
m0
Fµ‖ =
1
m0
Dpµ
ds
= −δ
µ
0
y2
dy
ds
= −u
µ
y
dy
ds
. (56)
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This is an unexpected result, because m0 is constant here and we should have obtained F
µ
‖ = 0
instead, as predicted by (55). For the case under consideration, the right hand side of (56) can be
written as
1
m0
Fµ‖ = −
uµ
2
∂gαβ
∂y
uαuβ
dy
ds
, (57)
which exactly coincides with the so-called fifth-force2.
If we now substitute uµ = yδ
0
µ into (54) we obtain
1
m0
F‖µ =
1
m0
Dpµ
ds
= δ0µ
dy
ds
=
uµ
y
dy
ds
. (58)
The non-vectorial properties of Fµ‖ and/or F‖µ, given by (56)-(58), are immediately obvious. Firstly,
uµF
µ
‖ 6= uµF‖µ. (59)
Secondly,
F‖µ 6= gµνF ν‖ . (60)
In conclusion, (53) and (54) lead to a force, parallel to uµ, with two surprising properties that
we regard as deficiencies.
The first one is that Fα‖ is not a four-vector. This has recently been discussed, for constant rest
mass, in the literature [25], [26], [33].
The second property, is that (57) is not related to the change of rest mass, because we anticipated
Fα‖ = 0 for m0 = const.
4.2 Properties of F σ = Dpσ/ds and Fσ = Dpσ/ds
We now proceed to show that the abnormal properties of Fµ‖ and F‖µ, are not particular to the
model discussed above, but are generic properties of Dpσ/ds and Dpσ/ds.
The usual approach for obtaining the equations for the four velocity of a test particle is to
decompose the five-dimensional geodesic equation into a 4D part and a part governing the motion
in the extra dimension. Then, the set of equations in 4D is manipulated to isolate an expression
for Duµ/ds.
In what follows we set Ω = 1. This simplifies the notation and does not affect the generality of
the discussion.
4.2.1 Computing F σ = Dpσ/ds
For the line element (5) we obtain [25], [33]
Duσ
ds
= ǫΦ(
dy
ds
)2 [Φ;σ − uσΦ;ρuρ] +
(
1
2
uσuλ − gσλ
)
uρ
∂gλρ
∂y
dy
ds
, (61)
2See for example page 166 in Ref [17].
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where Φ;α = ▽αΦ. Now using (18) and
Fα =
Dpα
ds
= m0
Duα
ds
+ uα
dm0
ds
, (62)
we obtain
1
m0
Dpσ
ds
= −gσλuρ ∂gλρ
∂y
dy
ds
+ ǫΦΦ;σ
(
dy
ds
)2
. (63)
If we set Φ = constant, this expression reduces to equation (55) in Ref. [23] with Ω = 1. The force
(63) has a component parallel to uσ which is given by3
1
m0
F σ‖ = −
uσ
2
∂gαβ
∂y
uαuβ
dy
ds
+
uσ
m0
dm0
ds
. (64)
Notice the similarity between this equation and (57). It is clear that the first term, which is identical
to the fifth force in (57), is present all the time regardless of whether m0 is constant or not. In
other words the fifth force term in (57) and (64) is a geometrical term not related to the variation
of mass.
4.2.2 Computing Fσ = Dpσ/ds
The same procedure for uσ yields
Duσ
ds
= ǫΦ(
dy
ds
)2 [Φ;σ − uσΦ;ρuρ] + 1
2
uσu
λuρ
∂gλρ
∂y
dy
ds
. (65)
Again, using (18) and
Fα =
Dpα
ds
= m0
Duα
ds
+ uα
dm0
ds
, (66)
we obtain
1
m0
Dpσ
ds
= ǫΦΦ;σ
(
dy
ds
)2
. (67)
We immediately notice that (63) and (67) appropriately reproduce the previous expressions (56)
and (58), for the metric (29) and dy/ds from (43).
The above expressions show that, in general, F σ = Dpσ/ds and Fσ = Dpσ/ds satisfy non-
vectorial relations similar to those in (59) and (60). In addition,
Fα = gαβF
β + pβ
∂gαβ
∂y
dy
ds
. (68)
Thus, they behave as contravariant and covariant components of a four-vector only in classical
Kaluza-Klein theory, where the “cylinder” condition (∂gµν/∂y) = 0 is imposed. This result extends
the previous studies [25], [26], [33] to include the variation of the rest masses of particles as observed
in 4D.
The new and surprising result here is that the fifth force is not related to the variation of mass
because it does not vanish even when the mass m0 is constant.
3The parallel component of (55) in Ref. [23] differs from the one in Ref. [17] by a factor 1/2.
17
4.3 The extra force in Kaluza-Klein theory without cylindricity
This is the scenario in membrane theory and STM, where the five-dimensional metric is allowed to
depend explicitly on the extra coordinate.
What we have seen so far is that the use of definitions (53) and (54) in non-compact Kaluza-
Klein theory leads to a force whose properties contradict usual physics in 4D. Some authors argue
that these unusual properties, and the corresponding violation of the laws of physics in 4D, are
inevitable consequence of large extra dimensions [22], [23], [44].
However, this interpretation is not unique, and an alternative point of view is possible. In order
to see this, let us examine the roots of these unusual properties.
Firstly, notice that Dgµν 6= 0. Indeed,
Dgµν =
[
gµν,ρ −
(
Γλµρgλν + Γ
λ
νρgλµ
)]
dxρ +
∂gµν
∂y
dy. (69)
The term in square bracket is the absolute differential in 4D, which we will denote as D(4). For
which D(4)gµν = 0. Consequently,
Dgµν =
∂gµν
∂y
dy, Dgµν = −gµλgνρ ∂gλρ
∂y
dy. (70)
These expressions serve to prove the consistency between (56) and (58), or between (63) and (67).
Secondly, notice that uµDu
µ 6= 0, uµDuµ 6= 0, and uµDuµ 6= uµDuµ. In fact, from (61) we find
uσ
[
Duσ
ds
− ∂u
σ
∂y
dy
ds
]
= 0, (71)
where
∂uµ
∂y
= −1
2
uµ
∂gαβ
∂y
uαuβ , (72)
which can be easily calculated in the comoving frame where uµ = δµ0 /
√
g00, or can be obtained
from “first principles” as in Refs. [25] and [33]. A similar expression can be obtained for (65), viz.,
uσ
[
Duσ
ds
− ∂uσ
∂y
dy
ds
]
= 0. (73)
The above formulae seem to be incompatible with the usual properties of the metric and four-
velocity in general relativity and compactified Kaluza-Klein theory. However, if we define D(4), the
“operator” for absolute differential in 4D, as
D(4) = D − dy ∂
∂y
, (74)
then, the above equations can be cast into a more familiar form. Namely D(4)gµν = D
(4)gµν = 0
and uµD
(4)uµ = uµD(4)uµ = 0.
What comes out from the above discussion is the suggestion that we can eliminate the contra-
dictions and unusual properties of the extra force by making a “small” reinterpretation of (53) and
(54).
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4.3.1 New definition for the extra force
Thus, the above equations do not contradict physics in 4D if we interpret them appropriately. We
propose to define the four-acceleration through D(4)uµ instead of Duµ, namely,
aµ =
D(4)uµ
ds
, aµ =
D(4)uµ
ds
. (75)
This is consistent with uµa
µ = uµaµ = 0, although uµDu
µ 6= uµDuµ 6= 0. Also, since D(4)gµν = 0,
we have aσ = gσµa
µ, as desired.
Moreover, as a consequence of (72), with this definition we take away the spurious parallel
acceleration (force per unit mass), which is not related to any change of mass in (57) and the first
term in (64). Namely,
fµ = Fµ −m0∂u
µ
∂y
dy
ds
= m0
D(4)uµ
ds
+ uµ
dm0
ds
. (76)
Here and in what follows we use lower case f to denote this “new” definition of force. The explicit
form of this force is as follows
1
m0
fµ = ǫΦ[Φµ − uµΦρuρ]
(
dy
ds
)2
+ [uµuρ − gµρ]uλ ∂gρλ
∂y
dy
ds
+
uµ
m0
dm0
ds
. (77)
For the covariant components we find
1
m0
fµ = ǫΦ[Φµ − uµΦρuρ]
(
dy
ds
)2
+ [uµu
ρ − δρµ]uλ
∂gρλ
∂y
dy
ds
+
uµ
m0
dm0
ds
. (78)
Notice that in our version the contravariant and covariant components of the force satisfy the usual
requirements for four-vectors. The last term in the above formulae extends our previous results
[25], [33] to include the variation of the rest masses4 of particles as observed in 4D.
To summarize, a massive bulk test particle (M(5) 6= 0) moving freely in a five-dimensional
manifold is observed in 4D as a massive particle (m0 6= 0) moving under the influence of the force
given by (77) and/or (78). It contains three distinct contributions, viz.,
fµ = fµΦ⊥ + f
µ
g⊥ + f
µ
‖ , (79)
where
1
m0
fµΦ⊥ = ǫΦ[Φ
µ − uµΦρuρ]
(
dy
ds
)2
, (80)
1
m0
fµg⊥ = [u
µuρ − gµρ]uλ ∂gρλ
∂y
dy
ds
, (81)
and from (18)
1
m0
fµ‖ = u
µ
[
−1
2
uλuρ
∂gλρ
∂y
dy
ds
+ ǫΦuλ
∂Φ
∂xλ
(
dy
ds
)2]
. (82)
4We note that in [25] and [33] the point in discussion is the lack of vectorial properties of (53) and (54) when
applied to non-compact Kaluza-Klein theories. Therefore the mass m0 was taken as constant.
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All these terms have to be evaluated along the trajectory.
Now, the bulk geodesic motion of a massless particle (M(5) = 0) with dy/ds 6= 0 is observed
in 4D as the motion of a massive particle (m0 6= 0) under the influence of the force given by (77)
and/or (78) with dy/ds replaced by 1/Φ.
The first two terms fµΦ⊥ and f
µ
g⊥ have already been discussed in [25], [33]. They are orthogonal
to the four-velocity and therefore are not related to the change of rest mass. In the case of no-
dependence of the extra coordinate (77) and (78) become identical to (63) and (67) with ∂gαβ/∂y =
0. Consequently, there is complete consistency between the new expressions for the extra force and
previous results in the literature.
The conclusion from the above is that the force from an extra non-compactified dimension does
not necessarily contradict physics in 4D. We propose our equations (77) and (78), instead of the
abnormal force (63) and (67), as the correct expressions for the force from a non-compactified extra
dimension.
4.4 The new definition at work
Let us now consider the scenario discussed in section 3.3.3. In this case fσΦ⊥ = 0, f
σ
g⊥ = 0, and
because m0 is constant we get f
σ
‖ = 0. Which is what we expected from a physical point of view,
instead of the unphysical prediction given by (56) and/or (58).
For the solution in section 3.3.4, again fσΦ⊥ = 0, f
σ
g⊥ = 0, but now f
µ
‖ 6= 0, viz.,
fµ
m0
=
(1− 2α)
αt
uµ. (83)
We note that the variation of rest mass m0 provided here (and in section 3) occurs on cosmic
timescales. Therefore, this force would be very small as to be observed in a direct experiment. Our
aim here has been to illustrate what we can get from the theory rather than to formulate explicit
experimental suggestions. The application of the formalism discussed here to other five-dimensional
scenarios may lead to concrete observationally or experimentally testable predictions.
5 Summary and conclusions
In this paper we have provided a comprehensive discussion of how an observer in 4D perceives
the five-dimensional geodesic motion of test particles. We discussed three aspects of the dynamics
in 4D; (i) the effective mass m0, (ii) the trajectories, and (iii) the extra non-gravitational forces
observed in 4D.
Conventionally this topic is examined exclusively on the base of the splitting of the five-
dimensional geodesic equation. Here we have used the geodesic equation but introduced a new
element in the discussion which is the Hamilton-Jacobi (HJ) formalism.
Since the mass of the particle does not appear anywhere in the geodesic equation, in section
2 we used the HJ formalism to provide a practical equation, namely (12), for the computation of
mass in 4D. In that equation we use the action S which is the solution of the five-dimensional HJ
equation. Therefore, it transports from 5D to 4D details of the extra dimension and information
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of the higher-dimensional motion. Consequently, the mass calculated in 4D from (12) depends on
the signature of the extra dimension, the motion in the bulk and on whether the particle in 5D
is massive or massless. Next we used the fourth component of the geodesic equation to obtain an
explicit expression for the variation of rest mass along the particle’s worldline, as observed in 4D.
The advantage of our formulation is that the mass and its variation are independent of the coor-
dinates used and free of other ambiguities associated with the details of the dimensional reduction
of the geodesic, which are clearly not unique [27]. Thus, we can claim here that variable rest mass
m0 is not an artifact of a poor choice of coordinates or parameter used in the geodesic description,
as discussed in [27], but it is a four-dimensional manifestation of the extra dimension.
In section 3.1 we discussed the trajectories in 5D confined to y = const. hypersurfaces. It
is clear that, in general, non-gravitational forces acting in the bulk, orthogonal to spacetime, are
needed in order to keep the particles moving on such hypersurfaces. But the introduction of force
fields, other than gravity, living in the bulk seems to be in opposition to the initial spirit of the
theory. On the other hand, given a metric in 5D we do not know what is the metric frame that
appropriately represents our four-dimensional spacetime. Therefore we conjecture that the choice
of the metric frame on which the 4D theory lives should be limited by the physical condition of
confinement, without introducing non-gravitational forces.
In section 3.2 we discussed the general, not confined, motion in 5D. With the purpose of
illustration, in 3.3 we examined the motion of massive and massless test particles in the bulk
cosmological metric (29). Our analysis clearly illustrates the variety of physical scenarios and the
simplicity of the HJ method for the calculation of the corresponding masses and trajectories in 4D.
The explicit scenarios considered in 3.3.3 and 3.3.4 present the property that, although the motion
is not assumed to be confined, it becomes confined to 4D spacetime asymptotically in time. This
is an intriguing feature because the 5D metric (29) embeds the flat FRW models. This raises the
question of whether this feature is not a common one among higher-dimensional embeddings of our
4D world. If this were so, the confinement of matter to spacetime would come out automatically
from the physics, without imposing extra conditions (or introducing non-gravitational forces). The
application of the formalism to other embeddings should help us to clarify this question.
A test particle moving geodesically in the five-dimensional manifold is perceived in 4D to be
moving under the influence of an extra force. In section 4.1 we demonstrated, by means of an
explicit example, that the quantity calculated from (53) and/or (54) contradicts basic physics in
4D. In particular, Fµ‖ is not produced by the variation of mass, because in 4.1 the mass observed
in 4D is constant. Then in 4.2, we showed that this contradictory behavior is not limited to the
scenario in 4.1, but it is a generic one.
Thus, we claim that (53) and (54) are not applicable for the case of large extra dimensions.
They lead to wrong results by two separate reasons. First, in this case they do not represent
the components of a four-vector. Secondly, the mass and/or its variation are not appropriately
implemented, as evidence (56) and (58). This is not surprising because in previous work concerning
this force there is no explicit computation of the rest mass or its variation along the particle’s
worldline.
In section 4.3 we constructed the correct definition for this force as measured in 4D. We have
seen that although uµDuµ 6= uµDuµ 6= 0 and Dgµν 6= 0, the equations are consistent with the usual
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properties uµD(4)uµ = uµD
(4)uµ = 0 and D(4)gµν = 0, provided the absolute derivative in 4D is
defined as in (74). This definition allowed us to get rid of the parallel term uµ(uαuβ∂gαβ/∂y),
which was initially associated to the fifth force, but is not related to the change of mass. The
final expressions for the extra force are provided by (77), (78). They satisfy appropriate physical
conditions and extend previous work in the literature [25], [26] and [33].
In our approach, in order to calculate fµ‖ we first find the five-dimensional action from (11),
then from (12) we obtain m0 as a function of coordinates. Next we calculate dm0/ds and evaluate
the final expression along the trajectory. The result depends on the details of the motion in 5D.
An example of this procedure was shown in section 4.4.
We notice that in our discussion the underlying physics motivating the introduction of a large
extra dimension was nowhere used. Neither, the physical meaning of the extra coordinate. There-
fore, our results are applicable to brane-world models, STM, and other 5D theories with a large
extra dimension. In STM and in the thick brane scenario the 5D manifold is smooth everywhere
and there are no defects.
In the RS2 brane-world scenario [5] our universe is a singular 4D hypersurface and the derivatives
∂gµν/∂y are discontinuous, and change sign, through the brane. However, the discontinuity is not
observed [26] and effective 4D equations can be obtained by taking mean values and applying
Israel’s junction conditions through the brane [24].
In summary, our work provides a unified approach for the discussion of mass, trajectories and
forces acting on test particles. Important new results here are (i) the invariant definition of mass and
the equation for the variation of mass along the particle’s worldline in 4D, (ii) the new definition for
the extra forces which does not contradict physics in 4D, and (iii) the characterization of motion
in 4D and 5D without having to deal with the ambiguities associated with the splitting of the
geodesic equation. The latter allowed us to confirm and give an improved description of many
results previously obtained in the literature.
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